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and similarly for the higher-order coefficients.
Consequently,

po AdE = t;; ANy (ds = 0)

Finally, the equilibrium (nondissipative) com-
ponents of the stress are obtained from the
thermodynamic tensions by the relation

— 1 9% 9z
TR da; da; ' )

The above formulas provide isentropic constitu-
tive relations in terms of the elastic stiffness
coefficients. Other forms of constitutive relations
can, of course, be derived in a similar fashion.

Low-pressure acoustic measurements yield a
mixed third-order constant of the form

Ciiimpe = (aciikm./aNpq) T

where the subseript 7" means the derivative is
taken at constant temperature. The correspond-
ing purely isentropic constant is given by

Ciikmpq + (T/Po Ct)cunﬂq’auv
¥ [Cl'ikmraarc = (aciikm’/aT)t] (10)

[Brugger, 1964] where C', is the specific heat at
constant tension and the e, are thermal ex-
pansion coefficients,

2 —_—
Cijkmpa =

Qyy — (aNuv/aT)t

In view of the symmetry of the stress and
strain tensors, the number of subseripts can be
reduced by adopting the following convention:

11 ="1 32— 4
22— 2 e )
33— 3 20=46

This convention is employed in the following.

Application to uniaxial strain in quartz. We
assume the deformation to occur in the X di-
rection only. The coordinate transformation is
accordingly

= (1— Y
To = Q2 T3 = Q3

Formulas 5 through 9 then give

N, =+v(v/2 = 1)
po(E (— Eo) = % C11N12 + %Clule
-+ E;L'CnuNl‘ 5 o6
tr = cuNy + % CukN12
+ % Cuu;le = ems
(B 1,2, s 9= 6)
or writing out the components
& = culNy + %0111]\712 + % el + -
ts = 12N + %Culez + @
ts = c1sN1 + %'31131\712 = oas 0
ts = c1uN: + %6114N12 Sk
ts = c1sN1 + %0115N12 Rl
ts = c16N1 + %0116N12 e siee
The stress components are then
O = (1 —— 'Y)tl g = (1 — 'Y)—lt4
o = (1 — 'Y)_ltz o5 = s (11)
g = (1 = 'Y)~1t3
For @ quartz compressed in the X direction the
above formulas are correct as they stand. For
compression in other directions the proper
translation of subseripts must, of course, be
made to indicate the correct constants.

The above formulas have been applied to
uniaxial compression of X- and Z-cut quartz,
using the second- and third-order constants de-
termined by MecSkimin et al. [1965] and Thurs-
ton et al. [1966]. Values of these constants are
shown in Table 2.

The resulting curves are plotted in Figures 6,
7, and 9. The values of shock velocity U, and

particle velocity u, of Figure 6 were obtained
from the Hugoniot relations

0.6=t6

U,

Volo/ Vo — V)2
and
U = [o(Vo — V)]'*

The predictions are seen to fall outside the
estimated error of the shock data, indicating
that the fourth-order term contributes sig-
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TABLE 2. Elastic Moduli of Quartz*
The second-order constants are isentropic, the third-order
are mixed isothermal, isentropic constants, and the fourth-
order are Hugoniot constants (see text).

Value
Modulus (10" dynes/cm?) Reference
Second-Order
en* 8.757 McSkimin et al. [1965]
c12 0.704 MecSkimin et al. [1965]
c13 1.191 MeSkimin et al. [1965]
c14 —1.804 MecSkimin et al. [1965]
¢ 10.575 MecSkimin et al. [1965]
Third-Order
ci —21.0 Thurston, et al. [1966]
cuz —34.5 Thurston et al. [1966]
cus 1.2 Thurston et al. [1966]
c114 —16.3 Thurston et al. [1966]
c133 -31.2 Thurston et al. [1966]
Cass —81.5 Thurston et al. [1966]
Fourth-Order
cu 1593 Present work
€3333 1849 Present work

* The e11 constant used is appropriate for open circuit
compression, i.e., at tant electric displ t, D.

nificantly to the energy (and the stress) at
larger values of strain. Although it might be
thought that the discrepancy is due in part to
the use of isentropic second-order moduli and
mixed isentropic-isothermal third-order moduli
to predict Hugoniot states, for which internal
energy is greater than for isentropic compres-
sion, a straightforward calculation shows that
the errors thus produced are negligible.

The differences between the purely isentropic
third-order moduli and the mixed moduli given
in Table 2 can be calculated from (10).

The temperature coefficients of expansion, as
given by Mason [1950] are

Q3 = 78 X 10_‘
@ = a, = 14.3 X 107°

and the expression, from Westrum, reported by
MecSkimin et al. [1965] for the specific heat is

CF(T) = Cp(Tc) + (T 4 Tc)cl
+ (T — T)C:+ (T — T)°Cy +--

(77.4°K < T < 298°K)
where ;

T, = 190°K.
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C(T,) = 5.189 X 10¢ ergs/g °K.
C: = 2.444 X 10t ergs/g °K.
C; = —4.126 X 10! ergs/g °K.
Cs = 5.327 X 102 ergs/g °K.

Taking T = 25°C, p, = 2.6485 g/cm®, C, =
742 x 10° ergs/g °K and estimating (9Cs"/dT
from MeSkimin’s data taken at 25° and
—1958°C to be of the order of —1 X 108
dynes/em® °K, we find the difference given by
(10) for the cus constant, for example, to be of
the order of 5 X 10° dynes/cm®. This value is
four orders of magnitude less than csxs. Hence,
although the above ealculation is hardly ac-
curate for the cases under consideration, only
erratic behavior of some of the thermodynamic
variables, @, C,, or (dcs'/dT), could signifi-
cantly influence the results.

The difference between Hugoniot and isen-
tropic compressions can also be shown to be
negligible. For compression in the Z direction
to a relative volume of 0.9 the strain energy
given by (7) to terms of third-order is 2.5 X
10° ergs/g. The internal energy on the Hugoniot
is 2.8 X 10° ergs/g. By taking Gruneisen’s ratio,
T, to be approximately 1* the stress difference
due to this difference in thermal energy is less
than 1 kb—very much less than the observed
stress difference, and within the experimental
scatter. (Anderson [1966] gives a value of
0.746 for hydrostatic compression. Caleulations
for the individual components with the as-
sumphion. '€y = 0, Sgvel . =y T =117
[es=:0.53:)

Fourth-order constants. The discrepancies
between the observed data and the predictions
based on low-pressure data can be used to eval-
uate fourth-order coefficients. This was done
for X- and Z-cut crystals to yield the values
of ¢un and Csms shown in Table 2. Differences
between the data and the third-order predic-
tions were fitted with a straight line. Because
of the large differences in pressure range and
experimental precision, this method proved to
give an adequate fit to both the high- and low-
pressure data. No adjustment of the second- or
third-order constants was necessary.

The fits obtained using the constants up to
fourth-order are shown in Figures 6, 7, and 9.
Note that for X-cut erystals the slope of the
curve in the shock-velocity—particle-velocity
plane (Figure 6) is always negative when con-
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